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Abstract—In present work we study general properties of con-
tinued fractions and the return times for circle homeomorphisms
with irrational rotation number. Consider the set X of all orienta-
tion preserving circle homeomorphisms 7" with one break point and
irrational rotation number. There are given proof of the main theo-
rem for return time using visualizations and constructed example to
computing return time for irrational rotation number.
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I INTRODUCTION

This paper is devoted to study general properties of con-
tinued fractions and return times for circle homeomorphisms
with irrational rotation number in dynamical partitions. Con-
tinued Fractions are important in many branches of mathe-
matics. They arise naturally in long division and in the the-
ory of approximation to real numbers by rationals. These
objects that are related to number theory help us find good
approximations for real life constants. In A. Khinchin’s clas-
sic book on continued fractions [1], he defines two notions
of being a “best approximation” to a number. The first is the
easier one to describe: a fraction ¢/d is a best approximation
to a number a if ¢/d is closer to a than any number with a
smaller denominator. That is, if |a —c¢/d| < |a— p/q| for any
other fraction p/q where ¢ < d. Khinchin calls this a best
approximation of the first kind. The fraction c¢/d is a best
approximation of the second kind for a number a if for ev-
ery other fraction p/q with ¢ <d, |da—c| < |ga—p|. It's a
similar relation as the first kind, but we multiply through by
the denominator on both sides. All best approximations of
the second kind are best approximations of the first kind, but
not all best approximations of the first kind are best approx-
imations of the second kind. Convergents of the continued

fraction for a number are best approximations of the second
kind, and they’re the only numbers that are best approxima-
tions of the second kind.

One of the important problems of ergodic theory is to
study the behaviour of return times. D.H.Kim and B.K.Seo
in [2] investigated return time and waiting time for parti-
tion Q, of same first n digits in binary expansion, i.e. Q, =
{[0,27"),...,[1 —=27",1)}. We consider return time in more
general partition, which is called dynamical partition (See
Section 3). Let (X,1B, i) be a probability measure space and
T : X > X be be an orientation preserving homeomorphism of
the circle S = R!/Z! ~ [0, 1) with irrational rotation num-
ber 6. Let u be the unique invariant probability measure of
T. Consider the measurable subset E C X, u(E) > 0 and a
point x € X which returns to E under iterations by 7', we de-
fine first return time R on E by the following way:

Re(x) =min{j>1:T/x € E}.

Kac’s lemma [3] states that [ Rg(x)du < 1. If T is er-
godic, then the equality holds.

A.Dzhalilov and J.Karimov studied the entrance times for
circle homeomorphisms with one break point and “golden
mean” rotation number (p = [1,1,...,1,...] = @) and
universal renormalization properties [4].

II CONTINUED FRACTIONS. PROOF OF GENERAL
PROPERTIES

In this section we prove the general properties of continued
fractions for irrational number.
1. Let

1

1
ay+——
LR L

ety

0 = lag,a1,az,...,a,] = ap+ ,mEN
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and We can see that
QZ[ao,ahdzwwak], 0<k<n, keN. =T} + T2
9k
The following equations are satisfied for all i such that 0 < and

i<n i€N: Sn =T 18—k +Ti—2Sn—k—1-

If n = k then
pi = aipi-1+pi-2, qi = aiqi—1 +gi-2.
Sy =T 1So+T, 251 =T 1a,+T, >
We alsohave p_» =0,p_1=1,9-2=1,9-1 =0.

Proof. Let S_; = 1 and Sp = a,: But it is known that 7, = a,T,,—1 + T,,—>. Thus S, =T,,.
Therefore p, = T,. If we look at py = ag and Ty = ay, we can
1 aan+1 _ an-180+S1 _ obtain that they are equal. So, p, is the sequence as same as

an—1,0n| = dp—1 + —_ =
a1, as] " an an So the sequence 7;,. Then we can conclude that p, also has the

. same recurrence equation:
Let S =a,_1So+S_1. Then we will have d

S Pi = aipi—1+ pi-2
[an—laan]— < . .
So We can prove g; = a;q;i—1 + gi—> using above method. In this
We can see that case, we should substitute S| instead of Sj.
2. For all n € N, following equality holds:
Sk = An—ikSk—1 + Sk—2, 1 -
" ( ) ann—l_pn—1Qn:(_1)n !
and .
Sk Proof. We use the 1st property and obtain
[an—kaan—k+17 e aan] = S,
k=l Pndn—-1—Pn-19n = (anpn—l +pn—2)Qn—1 —DPn—1 (anQn—l +Qn—2) =
We have 0 = [ag,ai,...,an] = [@n—n,@n—n+1,---,an]. Thus
we obtain k = n. Then 6 = Ss—fl We know that 8 = %. = anPn—19n—1 + Pn—2qn—1 — AnPn—19n—1 — Pn—14n—2 =
From that Pn S, = Pn—29n—1 — Pn—19n-2 = (_1)(pn—lqn—2 - pn—ZQn—l)-
@ S We obtain

We cannot say p, is the same as S, because of Sy = a, and
po = ap are not equal at the all time.

Let’s do some substitutions on S,,. From the equation (1) Letk=n+1.
we obtain

Pndn—1 — Pn—14n = (_l)k(pnfkq;'hkfl _pnfkflqnfk)-

" p_1g-2—p_2g_1).

Pnqn—-1—Pn—-19n = (_1)
Sn = aoSn—1+Sn—2 = ao(a1Sp—2+Sp—3) +Sp—2 =
Itisknownthat p_» =0, p_1 =1,g_2=1, g_; =0. Thus
= (a1a0+1)Sp—2 +aoSn-3

Pndn—1—pn-1ga = (—1)""".
Let 7 =1 and Ty = ap. Then i B

3. For all n € N the following equality holds:
Sp=(a1To+T-1)Sp—2 +TpSu—3
Pnqn—2 — Pn-29n = (71)nan-
Let Ty =a;To+ T-1. Then
Proof.
Sn = Tlsn—2 + TOSn—3
Pnqn—-2 — Pn-29n = (anpn—l +pn—2)Qn—2 —Pn—2 (an‘]n—l +Qn—2) =
Therefore
= anPn—19n-2 + Pn—29n—2 —anpPn—249n—1 — Pn—24n—-2 =
Sp=Ti(a28n—3+Sn-4) +ToSp—3 = (@2T1 +To)Sp—3+T1Sp-4  _ P 1Gn2 — P00 = Gn(Pr1Gn2 — Prsdn_2)-

Similarly consider 7> = a»T; + T, then: From the 2nd property, it is known that

Sy =TS —3+T1Sy-4 Pn—19n-2 — Pn—-29n-2 = (—1)"_2 =(=1)"
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So,
Pnln—2 — Pn—2qn = (—1)"a,

Before starting the proof of the next properties, consider
some important notations:
a) Let k be non-negative number such that 0 < k < n:

a, = lag, ars1,- - -, an)
So, we can easily see that
0 = [ao,a1,...,ar_1,az)
Also, it is necessary to show the following equations:
Pk = pi—1+ pr—2 (2)

G = aqi—1 + k2 (3)

Thus, we can write 0 as:

b) For all x € R, we define the distance to the nearest inte-
ger as following:

||x|| = min |x — n|
nez

From that we can say that ||x|| € [0;0.5]
4. Forallie Nsuchthat 0 <i<n:

g Pi_ (1)
g 9,
Proof. Let
/
i1

Thus,

/ / !

g_Pi_ Pix1 _ Pi_ Pip19i~ Pidip

qi 51;+1 qi 61i4§+1

By the equations (2) and (3), we can write the equality above
as following:

pi (i pi+pi1)gi—pildl, qi+qi1)

e O . =
qi qiq(i+1)
_ @41Pigi+Pic19i — 41 Pidi — Pidi-1 _ Pidi-1 — Pi-14i
i} i}
We use the 2nd property:
p_pi__ (DTN (L
qi Aidiv1  4ibin

So,
i (=1
g Pi_ | /)
qi q9i9, 11

We can conclude that the signs of the sequence {6 —
pi/qi} alternate.
5. Forall i € N suchthat 1 <i<n:

1
—— <46 <
qi+1 + gi qi+1
Proof. Let’s consider previous property:
j —1) j 1
_Q:(_/) :>|9_Q|: v
qi  4i9;1, qi qiq; 1

We know ¢, | > g1 and if i > 2, then ¢; > 2. Then

\9—&|<

= |90 — pi| <
qi qiqi+

<1/2
1 61i+1_/

Because of that, we can say |¢;0 — p;| = ||¢;0||. Thus

g0l <

i+
It is known |g;0 — p;| = 1/4, . Now we prove that
1 1
P A
qi+1 qi+1tqi
Then

1 1
> -
qgi+1+qi

7 ﬁq;ﬂ < git1+qi =
it

= i1 i H i1 <ain1qit+qio1 +qi = diy < a1 +1
We have

/
ip1 =adit1t
i+2
Thus
1
Clg_,'_l <aj+1+1 :>ai+1+,7 <aj+1+1 :>a;+2> 1.
i+2

The last inequality is true for all 1 <i < n.
6. For all i € N such that 1 < i < n, if kK € N such that
0 <k < git1, then:

k61| > [lg:6
Proof. Let ||k0| = |k6 —|. Then we have:

k6 —1] > |4i6 — pil
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We can set up the following equation system [5]. Here, x and
y are some variables:

_ — _ lgizkpi
{Pm?H—P:y =1 {x - Pli+151i—1€7i11i+1
. — _ g1 —kpiyy

X v =k = i1 7 Pit1
qi+1xX+qiy Y= pin1dipiridi

By the 2nd property:

{x = (—1)'(lgi — kpy)

y=(=1)'(Igix1 —kpis1)

x and y cannot be zero. Since [,k are natural numbers then
x and y are integer numbers. Thus |x|,|y| > 1. We have
gi+1 > k. Then x and y should have opposite signs. Also us-
ing the 4th property, 8 — p;/q; and 6 — p; 1 /gi+1 have oppo-
site signs. Thus, x(g;+10 — pi+1) and y(g;0 — p;) have same
sign. Then

kO —1 = (qir1x+qiy)0 — (pir1x+ piy) =
=x(qi+10 — piv1) +y(qi0 — pi) =
= k8 — 1| = |x(qi+160 — pi+1) + (40 — pi)| =
= [x(qi+10 — pis1)| +y(qi0 — pi)| > |y(¢i0 — pi)| =
= [v[|4:6 — pil > 19:6 — pil
The last inequality above implies the following:
k6 — 1] > |4i6 — pil
or
k61| > |4:0].
III DYNAMIC PARTITION. RETURN TIME

Let T'(x) = {x+ 0} and 6 is any irrational number on the
interval (0;1). We can write 6 as continued fraction:

1
1
T

a3+

0 =
a) +

ar+

Let xo is any real number on (0;1) and T (xo) = x1, T*(xo) =
T(T()CQ)) = X2y, Tn()C()) = T(Tnil ()C()>) = Xn.

Properties:
1. x4, is located nearer to xo than any x; such that g, > i. If
n is even, x4, is located on the right side of xo, else x,, is
located on the left side of x
2. Small distance between xo and x,, is ||g, 6|
3. The following equality holds:

[ = x| = [0k = x|

ifm—n=k—1I.

Now we consider “dynamic partition” of 7'(x) = {x+ 6}.
Consider the right neighborhood of xg and let there be
some xg,:

0 Xy,

According to our condition, x4, is located on the right
side of xo. By the Ist property, x,, ., is also located on the
right side of xo. Main thing is that x,, , creates the interval
(x0:%4,.,) with a new length which is smaller than length of
previous intervals:

0 an +2 X n

Now define number of intervals which is formed between
Xg,.o and Xy, . X4, ., also creates smaller interval than previous
ones. Thus the 1ptervals created by X1 Xgn1+15 > Xgu0-1
are smallest until x;, , creates a new interval. Using the 2nd
and 3rd property:

%1 =%0ll = 1Xg,12 =gy 12—gu s [I

Then the point on the right side of x4, , 18 X, ., ¢,

0 Xp.s Xdpso-tner Xq,
We can continue by this way:

qun+1 _XOH = H'XCInJrZ _'XQn+27QI1+1 || = ||x0n+27%z+l _XCIn+272‘In+l ||

= H'anJrZ_(arH»Z_l)anrl _an+27un+2qn+l ||

But gn2 —@n2gn+1 = gn. There is a, 12 point between x,, .,
and x,,. The graph is the following:

We can illustrate whole graph by that rule.

Now we formulate the theorem on “return time” for circle
homeomorphisms with irrational rotation number in dynam-
ical partitions. It is known that the first return time Rg of an
irrational rotation 7" has at most three values if E is an inter-
val ([6], [7]). We present a proof using illustrations of dy-
namical partitions. Since 7 is invariant translation, we may
assume E = [0,b).
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Theorem. Let T(x) = {x+ 6} and b € (0;]|0]|]. Leti >0
be an integer such that ||g;0]|| < b < ||¢;—10|| and K an integer
which satisfies

K = max{k > 0: k[|q;0]| +|qi+10]| < b}

If i is even, then

qi,

if 0<x<b—|q0|,

giv1 — (K —1)g;,

if b—||q:0|| <x < K||q;0] + ||lgir 16,
gi+1 — Kgqi,

if K||qi0| + llgit10] <x <b.

R (x) =

If i is odd, then

qi+1 — Kqi,

if 0 <x<b—Klqi0| —lgi+10],
giv1 — (K= 1)qi,

it b—K|qi0| — |lgit10] <x <40,
qi,

if [lg:0] <x<b.

R (x) =

Proof with illustrations.
Let xo = 0 and i be even. Let’s consider the interval [0;x,, , ).
We know that x,;, is nearer to xo than x,;, , and x4, , is the
nearest point to x,, and the length of the interval (x4;;x4,—g, ,)
is ||gi—16]|. Also, we have q; intervals between x,, and x,, ,
that their length is also ||g;—1 0|

Important note is that b is not on (x4 , —
|gi+16|;:x4,—g; ,) because in this case K will be a;;i.
If K = a1, then:

ai1|gi0| + [|git1]| <b == |lgi10| <b

0 Xq; Xag; Xag; Xee-g; X, X+1g; Xaryg, b Xiaryog,
since ai+1||qi0|| + ||gi+10] = ||gi—10]]. But we have the
condition

14:6]l < b < [lgi-10].

In this case, we should say that ¢;+1 +¢q; — gi—1 = (ai+1 +
1)gi. Also, b cannot be located on [0;x,,), because of the
condition above. Then 0 < K <a;+1 — 1.

Now consider case when xp € [0;b]. Let’s consider the
interval [0;56 — ||¢;0||) first. If xq is on this interval, x,, is the
Ist point located on [0; b]:

b-llg:6ll b Xg;-:.

Let’s illustrate the graph of (x,, ;1] for xo = 0:

Xq;., X @00 Xar-@g-29; Xai-2q; Xaj11-9; Xqw, 1

Let xo € [b—||¢i0];K||gi®|| + ||gi+10]|). In this case, the
Ist point located on [0;b] is x,,,, _(xk—1)q,- We use the previ-
ous graph to illustrate it:

e oy Ko —

0 Xq; Xq;-q;.1 Xgi-2q.;  Xasai,  Xa@-24i; Xai-@-0q:; Xais

Let’s consider the interval [0;x,,_4 ,) only. The point
Xgip1+ai—gi1 .takes the place that nearer to x4, g, ,. So, ther.e
will be a; intervals between x,; and x4, | 14,—¢;_, that their
length is ||g;6|| which is the same as distance between x( and

- xq, Qi1

0 Xq; Xzg; Xsg; Xag; Xqiirqis X4i1+4i-6is

here s
Let’s

We  know  that smallest interval
(Xgis1+qi—qi13%qi—q;,) and its length is ||g;110].
take the point b that is located on (0;x4, g, ,):

b X, Xq:11-i

o auricrn T bl b
Let xo € [K||gi0]| + ||gi+10]|;]. In this case, the 1st point
located on [0; D] is x4, —kq;:

XgirKa;_ o - Xgir-;_ Xg. X, o
- S N = L. e o< L. ,, ~

b-lg; 61l b

We state that the formula is true for K = 0. Let K = 0.
b will be on the interval (xg,;x4, + [|gi+10]]). If xo € [0;6 —
llgi®]|) or xo € [K||giO| + ||gi+10];b], it’s easy to see that
Ryo.p) = gi or Rjo,5) = gi — gi—1. We should proof that Rjo,;) =
qgi+1+ i, if xo € [b—|g:0]]; K||gi0|| + [|gi+16]). Let’s draw
the graph and fill it with other points:

0 b-llg:0ll - Xq,, 50 Xqp, -2, Xg; b Xeq,
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From the graph, you can see that x4, 14 is the 1st point
located on

[b—1l9:6

Klgi0ll +[lgi+161])-

The theorem is proved for even i.

Let i be odd. Let’s move the main graph by 1 to the left
side. Then we have the interval (x,, , —1;0] and let —b be
located on that interval but » # 0 and ||g;0]| < b < ||¢i—10]|-
For this condition, we have following return time:

gi+1 — Kqi,
if —b<x<-K|qi0|—|gi+16],
R () = Gis1 — (K —1)qi,
’ if —K[|qi0|l—llgir10] <x<—b+]lq:0],
qi,
if —b+g:0] <x<0.

If we shift the interval by b to the right side, then we have:

qgi+1— Kqi,
if 0 <x <b—K|qi0] - [lgi+16]],
qi+1 — (K_ 1)Q7

Rig)(x) = § . ’
if b—Kl|qi6]| — [|gi+10]] <x <[40,
qi,
if [|¢;0]] <x<b.

The proof has completed.

Now we compute return time of circle homeomorphisms
using above theorem for exact irrational rotation number.

Let @ = v/2 — 1. Its continued fraction form is the follow-
ing:
2= 2%

T 245
Let’s calculate return time for it:
Let ||gi0]| < b < ||gi—16]|. Consider the interval [0;b]:
We know that
0<K<aj1—1

but have a; = 2 for any k € [1;0). So @;+1 = 1. Thus, K can
be Oor 1.
Let K =0:

In this case, b cannot be greater than ||¢;;10] + ||g:6||
since K will be 1. Then b € (||g:0|;||gi+10| + 1|¢:0]]]-
If i is even:

qi 0<x<b—|qb|,
giv1+qi, b—|lg:0]| <x<[qi+10],
qit1, |gi+10]] < x <D.

R (x) =

If i is odd:
it 1, 0<x<b—|gi+16],
Riow)(¥) =S giv1+aqi, b—|lqir10] <x<|q:0],
Gi» g0l <x<b.

Let K = 1. Then b € (||gi+ 16|+ [|4:6|;[|gi-1 6.
If i is even:

qis 0<x<b—|qb|,
Rjop) (X) = 1 git1, b—|gi0l < x <40 + llgi+10]],
giv1—qi, |90l +[lgi+10]| < x <b.
If i 1s odd:
giv1—qi, 0<x<b—|g0|—|qi16],
Rio)(X) =  qiv1, b0l — lgi18] < x < g6
qi, lg:0] <x<b.
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