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Abstract—In present work we study the hitting times for circle
homeomorphisms with one break point and universal renor-
malization properties. Consider the set X(p) of all orientation
preserving circle homeomorphisms T € C>T¢(S'\ {x;}), € > 0,
with one break point x, and irrational rotation number
pr = _k%‘/’m, k> 1. For each n > 1 we define ¢, := ¢, (c) such
that u([xp,cn]) = c- u([xp, T9 (xp)]), where g, are first return times
of T. Denote by E, .(x) first hitting times of x to interval [xp,cy].
Consider the rescaled first hitting time E, . := ﬁE,,_yc(x). We
study convergence in law of random variables E, -(x). We show

that the limit distribution is singular w.r.t. Lebesgue measure.

Keywords—circle homeomorphisms, break point, rotation num-
ber,invariant measure, renormalization transformation, return time,
hitting time

I INTRODUCTION

One of the important problems of ergodic theory is to
study the behaviour of hitting times. Let (X, B, it) be a prob-
ability measure space and 7 : X — X be {— invariant trans-
formation. Fix a point z € X and consider the measurable
subset A C X, u(A) > 0. Define the hitting time E4 : X — N
by

Ex(x)=inf{i>1:T' €A},

and we set E4 (x) = oo, if T/(x) ¢ A for all i € Z'. The restric-
tion of E4(x) to A is called the first return time of A.

The problem consists of finding conditions under which
the hitting time, after rescaling by some suitable constant de-
pending on A, converges in law, when 1 (A) tends to zero.
Since the expectation of the first hitting time is of the or-
der 1/u(A), it is natural to rescaled the hitting time by this
factor. Limit laws of hitting times have been obtained in var-
ious contexts such as: hyperbolic automorphisms of the torus
and Markov chains [1], Axiom A diffeomorphisms and shifts
of finite type with a Holder potential, piecewise expanding

maps of the circle and critical circle maps [2].

Circle homeomorphism, particularly theory of hitting time
is important not only for the natural sciences, but also for
applications in economics, information theory, biology, for
the study of various heart diseases [3], in blood tests, etc.

The piecewise smooth circle homeomorphisms with break
points studied by many authors (see for instance [4], [5], [6],
(71, [81, [91, [10D).

Let T be an orientation preserving homeomorphism of the
circle ' = R'/Z! ~[0,1) with irrational rotation number
p = p(T). Let 4 = ur be the unique invariant probability
measure of 7. Fix a point z € S and consider the interval
Ve(z) = [z,z+ €] C S'. Consider the first hitting time to the
interval V¢ (z) by

Ec(t)=inf{i>1:T" € Ve(z)}.

Next define rescaled hitting time by E¢(t) = (Ve(z))Ee(t)
We are interested in the converges of the distribution function
of the random variable E¢(¢) i.e. in the convergence of the
distribution function

Fe(t)=p(xeS" 1 Ec(x) <t), t e R,

as € — 0, for every ¢ belonging to the continuity points of the
limit function. The case when € — 0, for every ¢ belonging
to the continuity points of the limit function.

Coelho and de Faria in [11], investigated the problem of
convergence of random variables E¢(t) for linear irrational
rotations Ty (x) =x+ p mod1. It is known that for linear irra-
tional rotation 7, unique invariant measure is Lebesgue mea-
sure £. If € = g, is chosen such that V¢, (z) corresponds to a
sequence of renormalisation intervals for f, as done in [11],
it is proved in [11] that for Lebesgue almost every rotation
number p, the rescaled hitting times X¢ (1) = p(Ve(z))Ee(t)
do not converge in law as € tends to zero, and all possible
limit laws under a subsequence of &, are obtained. Notice
that if F, (¢) converges for some g, converging to zero ev-
ery, the limit probability distribution F (¢) either step function
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with two discontinuity points, or uniform distribution on in-
terval [0, 1]. Let g,, n > 1 be the first return times for 7}, (see
for details the next section). Fix ¢ € (0, 1]. For every n > 1
uniquely define the points ¢, (p) by relation:

|[xo, cn(p)]] = ¢ [[x0, T" (x0)]

where | - | denotes the length of the in interval. We denote by
A, the interval [xg,c,(p)). Consider the hitting time E,, . to
the interval A, .. Define rescaled hitting time by

Epc(x) = pu(Anc)Enc(x).

Denote by F, -(¢) the distribution function of E, (x). It is
proved that for any irrational number p, the rescaled hitting
times E¢(x) do not converge in law as € tends to zero. In
this paper we investigate the rescaled hitting times for cir-
cle homeomorphisms with a single break point. Let T €
C*>*¢(S" \ xp), € > 0 be circle homeomorphism with a sin-
gle break point xy and with irrational rotation number pr i.e.

pr = ARV V2k2+4, k > 1. Denote by ¢ a conjugation between
TandTp,ie. poT =Tp00.

it
0 T—gpi1

Figure 1.

On the circle S! there are two natural probability measures:
Lebesgue measure ¢ and T —invariant measure ([ := y. Now
we consider two distribution functions F, (¢) and ®, .(¢) of
rescaled hitting time E(x) with respect to measures g and /,
respectively. The distribution function F, () of T coincide
with distribution function of linear rotation 7. Therefore all
statements of Coelho and de Faria’s work [11] are true for
T —invariant measure y. The invariant measure [ is singu-
lar with respect to Lebesgue [6]. Notice that for sufficiently
piecewise smooth circle homeomorphisms with finite num-
ber break points and irrational rotation number the map T is
ergodic w.r.t. Lebesgue measure also.

By definition

@,(t) = (xeS" :E(x) <t), Vt eR".

A.Dzhalilov in [2] studied the limit behaviour of distribution
function with respect to Lebesgue measure for critical circle
maps with irrational rotation number and for renormalized
neighborhood of critical point. We study the limit behavior
of distribution function with respect to Lebesgue measure for
circle homeomorphism with single break point and with irra-
tional rotation number.
The main results of our work are the following theorems.

Theorem 1. Let ¢ € (0, 1]. Consider a circle homeomor-
phism T € C**¢(S'\ {xo}) with a single break point xy and
with irrational rotation number with following expansion to

continued fractions: p = [k, k, ... k,...] = kv V2k2+4, k> 1.
Let {®, (1)} be the sequence of distribution functions
with respect to Lebesgue measure on circle, corresponding
to the first rescaled hitting time E, -(x) to interval A, .. Then

1) For all € R! there exist the finite limit

r}g{}o q)n,c(t) = q)c(t)v

and where ®,(7) =0, ifr <0,and ®.(t) =1, ift > 1;

2) ®.(¢) is a strictly increasing on [0, 1] and continuous
distribution function on R' .

Theorem 2. Let ¢ € (0,1]. Consider a circle homeomor-
phism 7 € C**¢(S"\ {x0}) with a single break point x( and
with irrational rotation number with following expansion to

continued fractions: p = [k,k,... ,k,...] = _k%\/]m, k>1.
Let {®, (1)} be the sequence of distribution functions
with respect to Lebesgue measure on circle, correspond-
ing to the first rescaled hitting time E, (x) to interval A, .
Then ®.(¢) is a singular function on the interval [0, 1], i.e.
dq;“}” = 0 for almost all (according to Lebesgue measure)
xe [0,1].

IT GENERALIZED DYNAMICAL PARTITIONS OF THE
CIRCLE

Consider the circle homeomorphism 7, with one
break point b and irrational rotation number p = pr =
[a1,a2,...,ap,...]. We let p—: denote n th appropriate fraction
of pr, pn/qn = la1,a2,...,a,;]. The numbers g,, n > 1 are
called first return times Poincare for the map 7. The num-
bers p, and g, satisfy recursion relations [12]:

Pntl = ani1Pn+Ppn-1,n2>1, po=0, pr =1,

Gnt1 = pi1qn+qn-1, n>1, go=ay, g1 = 1.
Via the orbit &7 = {x,, = T"(0), n > 0} break point xo = 0
we define the sequence of dynamical partitions of a circle.
We denote by Agl) (x0) the joining the points xg and x,, =
T4n (X()).
Suppose Agn) = TiA(()n) (x0). It is well known, that the sys-
tem of intervals

Pa(x0) = {Ay Y (x0), AV (x0), ..., AUV (x0)}

U(AY (x0), AP (x0), ..., A" (x0)}

is partition of the circle. Any two segments P, (xg) of parti-
tion can intersect only at end points. Partition P,(xg) called
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n—th dynamical partition. We note, that P; (xg) < IP2(xg) <

5 Pu1(x0) < Pu(xp),.... Under the transition from P, to
P,+1 all segments of rank n are preserved, and each of the
segments with rank (n — 1) are decomposed into two seg-
ments:

Agrzf]) A(nJrl) U A,(+),]n

Define the first return time function R, . : A, . — N:
Ryc(x)=min{j>1: Tixe Anc}.
From properties of dynamical partitions [7] we have

qn+1 , X € [qu,ﬁrlacn}
C]n+2 y X S [xO7T_qn+ZCn] (1)
qnt3 , X € [Tﬁqnﬂcn’x—qnﬂ}

Ry c(x)=

We introduce the following notation:

A(()n) — [xo, T*Qnﬂcn]’ B(()n) = [_x7

dn+1> C"]
n _
C(() = [T qn+2cn’x_qn+l]_
A(()”) C(gn) Bon) .

7

*o L g1 Cn Lgy,

Figure 2.
Theorem 3. Consider the following segments AS"), 0<

,E"), 0 < k < gu43, where
= Tk(C"). The

i<‘In+2, 5>’ 0<]<qn+1’
AP =T1i(Ay)), BY .= TI(BY") and " -
following statements are hold:

1. AE"), B;"> and C,E”) pairwise does not intersect (except
for the end points);

Gn+2—1 (n) Gn1—1 (n) Gnt+3—1 (n)
N VI IV VA IV Ve S B
3.
n) (n) (n) (n)
U Cl UBI U Cl+qn+2 )

A(n+l

0<I<gny1s

and
S+qn+1 U S+q +17 0<s5<qn

We prove this theorem by using main properties of dy-
namical partitions (see [12]). So first two statements easily
follow from third statement and we show illustration of this
statement.

AQn+1 0@77+1 Ao CU BD )
e ) ]
Iqwrl Lo ‘T—an c, .’L'q7
Figure 3.

III THE HITTING TIMES

Using (1) and Theorem 3 we obtain that E, .(x) get values
from 1 to g,+3. Now normalize E, .(x), i.e. we divide it by
the largest value, and we denote by fnyc(x), ie.

Enet) = ——E, (x).
qn+3

Obviously, that function E,, .(x) will be a random variable
taking value in [0, 1] . We denote by ®,, .(r) distribution func-
tion of Ej, . (x).

Now we formulate the next theorem.

Theorem 4. The distribution function of the normalized
hitting function E,, . (x) has the following form.

0,ifr <0
qn+l_1 (n) qn+2_1 (Vl) qn+3_1 (n)
r A7+ X B+ X IG7
i=qpy1—m J=ant2—m k= qn+3—m
1fmq+3<t<(m+l) +3,1<m<qn+1
Gn+1—1 Gni2—1
LR R e T i
(I)n«,c(t)— i=0 J=n+2—m k=qy13—m

if mg, 5 <t < (m+1)q,)5, gur1 <m < guia

qn+1— 1 dn+2— qn+3_1
YA+ p B Y e
i=0 k=g 3—m

if mg, !y <t < (m+ Ddpls, qniz <m< guis

1,ifr>1
Theorem 5. For all n > 1 the following relation is hold:
@, (t)=1-¥,.(1—1), 1 €R",

where the distribution function ¥, .(7):

0,ifr <0
1
k20|C,E”)|, i 1<1< g

I=gnt1

L) e )
‘Pn,c(t) = 'ZO |Az | +k20 ‘Ck |7 if qn+1 S I < qn+i2
= =
li‘/nJrZ 17(1n+171 1
Y B LAY +x c”
Jj= i= =
1,ifr > 1

where | = g3 —m—1.
Proof. With using Theorem 4 and structure of dynamical
partitions we write @, .(¢) in useful form. Let mq,,_ i3 <r<

(m+ 1)‘1,7.&37 gn+2 <m < gni3. We have

Gn+3—1

B+ Y

k=qy13—m

Gnt2—1

AV |+Z

J=Gn+2—m

In+1 -1
q)n,c(t) = Z

I=qpy1—m

|
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Hence
dn+1 -1
A" |+

i=Gny1—m

Wne(1=1)=1=Dy (1) = l_{

Gni2—1 Gn+3—1 (n) Gnt3—m—1 (n)
S VAT Ll S vl e
J=n2—m k=qu3—m k=0
On the other hand

mg, !y <1—1t < (m+1)q, 5,
1 _(m+ )qn+3 <t<1 _mqn+3
From notation m = ¢, 43 — [ — 1
1= (gne3 =1 =14+ 1)g, 15 <t <1 (guis— 1 —

Ig, s <t <(+1)g, !5, 1 <1< qus1.

From last inequality we get

1
W, (1) = Y IC], i1 <1< guar.
k=0

-1
3 and gny1 <m < gny2,

Ifmq;j3 <t<(m+1)g,,

Yoe(l—1)=1-®,.(t) =

qn+1 1 qdn+2— 1 qn+3— 1 (n)
{Z|A Y B Y ck|}—
J=ania—m k=qyr3—m
qn+2—m qn+3—m

:z|B|+Z|C

j=0

If one take
mgy 3 < 1—1< (m+1)q,,5,
lf(m+1)q 3 <t < lfmq”H
Hence
lgy s <t < (1+D)g, 5,
I=qni1
Wy o(t) = Z |B |+Z‘C s 1 gni1 <1 <gnyo.

If mq, ! <t<(m—i—1)qr;r37 1 <m<quit,

lg,ly <t < (1+1)g, L.

1= qn+2

A"+ Z B |+Z\C

if gnyo <1 < gny3. Theorem 5 is completely proved.

l_qn+2 1

Yooty = )

i=0

D13
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