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Abstract— This paper is dedicated to the study of the behaviour of

the second eigenvalues and the corresponding eigenfunctions for the
p(x)-Laplacian subject to the Neumann boundary conditions in an
open, bounded domain Q C RY with smooth boundary. As p — oo
one can obtain uniform bounds for the sequence of second eigen-
values and the positive second eigenfunctions. In the latter case,
the uniform limit is a viscosity solution to a problem involving the
co-Laplacian subject to appropriate boundary conditions.
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I INTRODUCTION

During the last decades, a lot of studies have been dedi-
cated to the understanding the partial differential equations
with non-standard growth conditions in the framework of
variable exponent spaces. Its applications arise in many ar-
eas such as in electrorheological fluids (see (27)), image pro-
cessing (see (6)) and nonlinear elasticity (see (2), (30)). In
particular, a lot of attention has been paid to the study of
eigenvalue problems for the p(x)-Laplace operator

—A = —div <|Vu|l7(x)72vu) :Ap<.)‘u|p(x)72u

p(x)

in open bounded domains Q C R", subject to Dirichlet ((15),
(16)), Neumann ((17)), Robin ((7), (28)) and Steklov ((8))
boundary conditions.

A number of papers have been concentrated on the asymp-
totic analysis of solutions to partial differential equations in-
volving the p(x)-Laplacian as p(x) — oo (see (23), (18), (20),
(21), (22), (25), (26)). For the case of Dirichlet and Robin
boundary conditions, the asymptotic behavior of the first
eigenvalue/eigenfunction pairs associated to —A,(,) has been
studied in (25) and (1), respectively. In this paper we study
the asymptotic behavior, as p — oo, of the second eigenvalues
and the corresponding eigenfunctions for the p(x)-Laplacian

with Neumann boundary conditions:

—Apu=AuPD 2y inQ
g—;‘l =0 on 0Q,

where 11 = 1(x) stands for the outer unit normal to JQ at
x € 9Q.

To analyze the limiting behavior of this problem as p — oo
we replace p = p(x) above by p, = p,(x), where {p,} C
C'(Q) is a sequence of functions that satisfies the following
conditions:

(i) pn — oo uniformly in Q;

(i) vinp, — & € C(Q,R") uniformly in Q;

pn — o,lnp, — & € C(QRY),and2r — q €
C(Q,(0,+)) uniformly in Q and aims to analyze what
happens with the solutions of the problem at level n as
n — oo, These conditions on the sequence p,, are typical in
the literature (see, e.g. (22), (25), (26), or (20), (18) for the
particular case p,(-) = np(-) - corresponding to & = Vinp
and g = p). We prove that after eventually extracting a
subsequence, the (positive) second eigenfunctions converge
uniformly in Q C R" to a viscosity solution of the problem

du

{ min { —Acu — |Va21n [Vl (&, Vi), [Viel? — Acfuel?} = 0
an

where A, is the Al =

' g‘,lux,ux Ui s A is the limit of the sequence of (suitably
ij=
fej:scaled) second eigenvalues.

The paper is organized as follows. In Section 2 we give
the definition and some basic properties of variable expo-
nent Lebesgue and Sobolev spaces. Section 3 of the paper
is devoted to the Neumann eigenvalue problem for —A,,)
for the case where p = p(x) is fixed. After stating the defini-
tion of a weak solution, we review some details concerning
the Ljusternik-Schnirelman existence theory for this prob-
lem, and we show that continuous weak solutions are also

co-Laplace  operator,
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solutions in the viscosity sense. Here, we adopt the defini-
tion of viscosity solutions for second-order elliptic equations
with fully nonlinear boundary conditions introduced by Bar-
les in (3). Finally, in Section 4 we state and prove the main
result of the paper, Theorem ??, regarding the convergence of
the second eigenvalues and the corresponding positive eigen-
functions as p(-) — co.

II PRELIMINARIES

In this section, we provide a brief introduction to variable
exponent Lebesque and Sobolev spaces. For more details
we refer to the books by Diening, Harjulehto, Hastd & M.
Ruzicka (10), Musielak (24), and the papers by Edmunds,
Lang & Nekvinda (11), Edmunds & Rakosnik (12; 13), and
Kovacik & Rakosnik (19).

Let @ C RV be an open set with smooth boundary,
and let |Q| stand for the N-dimensional Lebesgue measure
of Q. Given any continuous function p : Q — (1,0), let
p~ := inf p(x) and p* := sup p(x). The variable exponent

reQ xXEQ

Lebesgue space L") (Q) is defined by

LPO(Q) =< u: Q — R measurable : /|u(x)|”<x) dx < oo
Q

It is a Banach space when endowed with the so-called Lux-

emburg norm

p(x)
dx <1

u(x)
u

) =infQu>0: [
Q

For constant functions p the space L”(')(Q) reduces to the
classical Lebesgue space LP(Q), endowed with the standard
norm

1/p

lullri@y = | [ luGo)prax
Q

LP0)(Q) is separable and reflexive if 1 < p~ < p* < +oo. If
0 < |Q| < oo and if py, p, are variable exponents such that
p1 < py in Q then the embedding LP2()(Q) — LP1()(Q) is
continuous, and its norm does not exceed |Q| + 1.

We denote by L' ()(Q) the conjugate space of LP0)(Q),
where 1/p(x)+ 1/p'(x) = 1. The following version of
Holder’s inequality

1 1
/MV d.x S pi—’_p/i |u|p(.>‘v‘pl(.),

Q

(L1)

for any u € LP1)(Q) and v € LP'()(Q) holds. The modular
of the space L()(Q) is the mapping Pp() - LPO(Q) — R,

defined by
pp) () i= [ a0V
Q

The variable exponent Sobolev space W!-»(") (Q) is defined
by

WPO(Q) = {ue LPV(Q) : |Vu| € LD (Q)},

and it becomes a Banach space when endowed with one of
the equivalent norms

el oy = Tul py + [Vl ey,

or

p(x)
||lu|| := inf ‘u>0;/<’VI:L(X) ) dx<1y,
Q

where in the definition of |[ul| (), |Vu[,(.) stands for the Lux-
emburg norm of |Vu|. Under very mild assumptions on the
function p, the space W'»()(Q) is also separable and reflex-
ive. Another important fact that we will use in the sequel is
that the embedding W'7()(Q) < C(Q) is compact and con-
tinuous if p(x) > o > N, ¥ x € Q. The following extensions
of the classical results for Lebesgue spaces are well-known
(see, e.g., (10)).

p(x)

u(x)
u

Lemma 1 Let {f,} be a sequence of measurable functions.
If fo = fand |f,(x)] < g(x) a.e. x € Q for some f:Q— R
measurable and g € LPY)(Q), then f, — f in LP)(Q).

Lemma 2 Let {u,} C L’")(Q) and u € LPV)(Q). The fol-
lowing statements are equivalent:

o (i) limy o0 [ty — ul () = 0;

o (i) limy_yeo pp(.)(un —u)=0;
e (iii) u, — u in measure in Q and limn_,oopp(_)(un) =

Pp() (1)-

IIT THE NEUMANN EIGENVALUE PROBLEM FOR THE
p(x)-LAPLACIAN

Let Q be an open bounded domain with smooth boundary,
and consider the Neumann eigenvalue problem for the p(x)-
Laplacian

(1L 1)

—Apt = AlulPY 2y inQ
on dQ,

where 11 = 1(x) stands for the outer unit normal to dQ at
x € 0Q.
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Definition 1. We say that u € W'?()(Q) is a weak solution
for the Neumann eigenvalue problem (III.1) if there exists
Ay € R such that

/|w|!’<")‘2w.wdx:/\p(,)/ P2y dx, (I11.2)
Q Q

Vvew!r0(Q)

If u # 0 we say that A, is an eigenvalue of (IIL.1), and
that u is an eigenfunction corresponding to A, .).

Let X := W'?()(Q), and define the functionals .7, :
X — R by

7= [ L p) p)
/(u)—‘/gp(x)(IWI + [u|PY))dx (IIL.3)
_ [ p(x)

and 9 (u) = /Q o0 )" dx.

Itis easy to see that .#,% € C'(X;R), and that for all v € X
we have (4" (u),v)x x = [o |u|P®)~2uy dx and

(F w8y = [ (Va2 Tyt ) 2)

where (-,-)x/ x stands for the usual duality pairing of X
and X' (the topological dual of X). Consider the level set
Sy :={u€X : 9(u) =1}, and the eigenvalue problem

F'(u) =u9' (u), ucSy, ek, (IL.4)

The existence of a sequence of nonnegative eigenvalues
U, — 0 as n — oo for the problem (III.4) was established in
(17). It follows from the Ljusternik-Schnirelman theory (see,
e.g., (4), (29)). We have U, = supacp, infyea F (1), with

A,:={ACSy : F(u)>0o0nA,

A compact, A = —A, Y(A) > n},

where

Y(A) :=inf{keN | 3 h:A — R\{0},
h odd and continuous}

is the genus of A. The eigenfunctions u € Sy sat-
isfy #'(u) = pu¥’'(u) or, equivalently, (F'(u),v)y'x =
u(&' (u),v)x: x for all v € X. Hence,

/|Vu|p(x)_2Vu~Vvdx:(ufl)/ P2y dx
Q Q

for all v € W'P()(Q), which means that u is a weak solution
of problem (III.1) with A = u — 1.

The following definition of viscosity solutions for second-
order elliptic equations with fully nonlinear boundary condi-
tions can be found in (3) (see also (5)).

Definition 2. Consider the boundary value problem

{ F(x,u,Du,D*u) =0 in Q

H(x,u,Du) =0 on Q. (IIL.5)

(1) An upper semi-continuous function u is a viscosity sub-
solution of (IIL.5) if for every y € C?(Q) such that u — y
has a maximum at the point xo € Q with u(xp) = y(xo)
we have:

F(X(), l[/(X()),Dl[/(X())7D21[/(X())) <0ifxy € Q,

and

min{H (xo, ¥(xo0),D¥(x0)), F (x0, ¥(x0), Dy (x0),
D*y(x0))} < 0if xg € IQ.

(2) A lower semi-continuous function « is a viscosity super-
solution of (TIL.5) if for every ¢ € C>(Q) such that u— ¢
has a minimum at the point xg € Q with u(xp) = ¢ (xo)
we have:

F(x0,9(x0),D¢(x0),D*(x0)) > 0 if x9 € Q,
and

max{H (xo,¢(x0), D¢ (x0)), F (x0,¢ (x0), D¢ (x0),
D?*¢(x))} > 0if xg € Q.

(3) We say that a continuous function u is a viscosity solu-
tion of (IIL.5) if it is both a subsolution and a supersolu-
tion.

Remark 1. As remarked in (3), if H(x,r,-) is strictly in-
creasing in the normal direction to dQ at x, that is, for all
R > 0 there exists vg > 0 such that

H(x,1,0 +An(x)) —H(x,r,0) > VgAY (x,1,0) € (IIL.6)
€9Q X [-R,R] xR and A >0,

the definitions of viscosity sub and supersolutions for
problem (IIL.5) in Definition ?? take a simpler form. Pre-
cisely,

(1) Ifuis a viscosity subsolution and w € C? Lﬁ) is such that
u — ¥ has a maximum at the point xy € Q with u(xg) =
W (xp) we have:

F(x0, ¥(x0), Dy (x0), D*W(x0)) < 0if xo € Q,
and

H (x0,¥(x0),Dy(x0)) <0ifxg € Q.
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(2) If u is a viscosity supersolution and ¢ € C*>(Q) is such
that  — ¢ has a minimum at the point xo with u(xp) =

@ (xp), then
F (x0,(x0), D¢ (x0),D*¢ (x0)) > 0if xg € Q,
and

H(x0,9(x0),D9(x0)) > 0if xo € 0Q.

Our next goal in this section is to prove that continuous
weak solutions of (IIL.1) are, in fact, viscosity solutions (see
Proposition 1. below). Before we proceed, we note that the
Neumann eigenvalue problem (III.1) takes the form (IIL.5),
with F: QxR xRY x MYV 5 Rand H: QxR xRN —

sym
R defined by
F(x,1,6,5) = —|0]"=2(Tr(S) +1n[6] (6, Vp(x))) -
~(p(x) ~2)|8|"~* (s6,8) — A| |2
and
H(x,r,0) =(6,1n),

where Mé\;an is the space of N x N symmetric matrices,
Tr(S) stands for the trace of the matrix S € M%IXHN , where

(-,-) denotes the inner product in RY. Note that the function
H defined above satisfies the strict monotonicity condition in
Remark 1 with vg = 1, since in this case we have

H(x,r,60 + An(x))

—(0.1(x)) =AIn()]> =4

for all (x,7,0) € dQ x [-R,R] x RN and A > 0.

Proposition 1. Any continuous weak solution of (III.1) is
also a viscosity solution of (IIL.1).

Let u € C(Q) be a weak solution of (IIL.1). To show that u
is a viscosity supersolution of (IIL.1), let xy € Q, and consider
a test function @ € C?(Q) such that u(xp) = ¢(xo) and u — @
has a minimum at xg. If xg € Q, we claim that we have

—H(x,r,0) = (6 + A1 (x),n(x)) -

_Ap(xo)¢(x0) - Ald’(xO) ‘p(x0)72¢

Indeed, if we assume that this inequality does not hold,
then there exists r > 0 such that B(xo,r) C Q and

()C()) >0.

—Ay (0 ®(x) — Al§(x)[PM) 2 (x) < 0 for all x € B(xo, ).

Taking r smaller, if necessary, we may assume that u > ¢ in

()C(), )\{XQ} Let

m= inf

ot | #=9)(x) >0,

and ®(x) := ¢(x)+ 5. Note that D(xo) > u(xo), P(x) < u(x)
for all x € dB(xo,r), and

—A —Alp(x)[PY29(x) <0 (I1.7)

for all x € B(xo,r).

p(x) P(x)

Multiply (II1.7) by (@ —u)*
get

and integrate over B(xg,r) to

2VO-V(P—

/ |Vp|P)

{x€B(xq,r):®(x)>u(x)}
[ At

{x€B(xp,r):®(x)>u(x)}

u)dx <

2¢(®—u)dx, (IL8)

where we have used the fact that (® —u)™ = 0 on
9B(xo,r). Extending (® —u)™ by zero outside B(xo,r), and
using this extension as a test function in the weak formula-
tion (II1.2) gives

/ V| P

{xeB(x0,r):@(x)>u(x)}

/ A|u|”(x)

{x€B(x,r):®(x)>u(x)}

2Vu-V(®—u)dx =

2u(® —u)dx. (I11.9)

After subtracting (II1.9) from (IIL.8), using the fact that
u> ¢ on B(xg,r) \ {x0}, and using the elementary inequality
(see, e.g., Chapter I in (9))

la—b|? <2P7" (|a|P2a—|b|P?b) - (a—b)

foralla,b e RN and p >2, (IIL.10)

we obtain

o> |

{x€B(xp,r):P(x)>u(x)}

+ / A ([P 2~ [0 29) - (@~ u) dx
{x€B(xq,r):®(x)>u(x)}
> / (1970 2V @ — Vi 2V ) -V (@ — ) v
{x€B(xq,r):®(x)>u(x)}
> % / |V¢—Vu|P(x) dx >0,
vl

{x€B(x0,r):®(x)>u(x)}
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which is clearly a contradiction. On the other hand, if xg €
dQ we need to prove that

max { g%(xoﬁ —Ap(xy) 9 (x0) — Al (x0) ‘P(XU)*2¢(XO)} > O0IL11)

We proceed by contradiction. Assume that (ITII.11) does not
hold. Then there exists » > 0 sufficiently small such that

9¢

n (IIL.12)

(x) <0

and

—Ap)9(x) = Alp ()" (x) <0,

for all x € B(xo, r). For r > 0 sufficiently small we have u > ¢
in (B(xo, )\ {X()}) NQ and thus

(IIL.13)

(u—9)(x) > 0.

m:= inf
9B(xp,r)NQ

With &(x) := ¢(x) + 5, note that ®(xg) > u(xo), and that
®(x) < u(x) for all x € dB(xo, ) NQ. Multiplying (III.13) by
(® —u) ™" and integrating over B(xo,r) N < gives

/ IVo|PO2Ve . V(D —u)" dx—

B(X(),r)ﬂQ

(IIL.14)

Since (® —u)™ = 0 on dB(xo,7) NQ, we have

/ v¢|P<X>2§f; (D—u)t dx=

d(B(xp,r)NQ)
Vo |P<X>*2§—¢(q> —u)* dx.
B(x0,r)NIQ n

Thus,

[VO|PH2VD. V(D —u) dx <

{xeB(x0,r):®(x)>u(x) }NQ

5,00
p(0)-29% (g _
< / Vo258 (@ ) dt
{x€B(x0,r):P(x)>u(x) }NIQ
- / Ay |8PH (@ —u) dx.  (IIL15)

{x€B(xp,r):®(x)>u(x) }NQ

Using the extension of (® —u)™ by zero outside B(xq,r) N
as a test function in (II1,2), we obtain
[Vu[PO) 2V V(D — u) dx =
{xeB(xo,r):®(x)>u(x) }NQ
= / Ay ulP® 2u(@® —u) dx.  (IIL16)
{x€B(x0,r):P(x)>u(x) }NQ
Thus, subtracting (II1.16) from (III.15) leads to
(|V¢|P<X>*2Vc1> - \vuv’(x)*zw) V(P —u) dx

{x€B(xq,r):®(x)>u(x) }NQ
< / Ayt (10179720 — [ulP 20 - (@ —u) dx
{x€B(xp,r):P(x)>u(x)}NQ

- / |V¢|P<X>2§$(q>— u) dx.

{xEB(xo,r):<I>.(x)>u(x)}ﬁ39
Since 0 < r << 1 was chosen such that (III.12) holds, we
obtain that
0
|Vq)|”(x)*2%(d>— u) dx < 0.
{x€B(x0,r):®(x)>u(x)}NoQ

Thus,

(\vq>|1’<x)*2vq> - |vu|P<x>*2vu) V(P —u) dx

g

{x€B(x,r):@(x)>u(x) }NQ
< Apgy (191799720 —ul"®2u) - (@ —w) dx < 0,

{x€B(xq,r):®

—~

x)>u(x)}NQ
(IL.17)

where the last inequality follows from the fact that u > ¢
on B(xp,7) N Q. Applying (II1.10) again, we deduce that

1

2rt -1
{x€B(xq,r):®(x)>u(x)}NQ

IV — Vu|PY) dx <

(|Vc1>|f’(x)*zvq> - \WV’(X)*ZW) V(d—u) dx.
{x€B(xp.r):P(x)>u(x) }NQ
(IL18)

Combining (I11.17) and (I11.18) gives

[V® — Vu|P¥) dx < 0,
{x€B(x0,r):@(x)>u(x) }NQ
which is a contradiction. We conclude that u is a viscosity

supersolution of (II.1). The proof of the fact that u is also a
viscosity subsolution follows similarly.
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IV THE ASYMPTOTIC BEHAVIOR OF THE SECOND
EIGENVALUE/EIGENFUNCTION PAIRS

Consider a sequence of functions {p,} C C'(Q) with

1 < p, ==mingpn(x) < =

= max, o pn(x) <eo,¥neN, (Iv.1)
and satisfying the following assumptions
Pn — oo uniformly in Q, (IV.2)
Vinp, — & uniformly in Q, (IV.3)
and
% — ¢ uniformly in Q, (IV.4)

where & € C(Q,, and RV)g € C(Q, (0,+)) is such that
q~ = min, g5q(x) > 0. Note that by (IV.4) we have

- +

limn_mp?" = qf,limn_mp—” =gt = max, sq(x). (IV.5)

n

It was shown in (17, Theorem 3.2) that the first eigenvalue
of the p(x)-Laplacian with Neumann boundary condition is
zero, and that the second eigenvalue is strictly greater than
the first eigenvalue. It is also known that the eigenfunctions
do not change sign in Q. In this section we analyze the
asymptotic behavior of the positive second eigenfunctions of
the p,(x)-Laplacian with Neumann boundary conditions:

—A, o= A, o |uPr=2y in Q
P (X) Pn(*)
{ 3—1’; =0 on 0Q. (IV.6)

as n — oo. In what follows, we will denote the positive second
eigenvalues by A2, and they are given by

A o |Vun‘pn(x)dx

- ’ ENu
N NPATEr T

IV.7)

where u,, € W1P»()(Q) is the eigenfunction associated to
A2, a minimizer of the functional

n>
1
Pa(x)

WhO(Q) 3 us / IVulPr®dx
Q

among all u € W'P()(Q) satisfying the constraint
Jo pn1<x) \ul”"(")dx = 1. For each n € N, we define

cﬁ = inf{/ ! |Vu\””(x) cue Whent),
Ja pn(x)
1
ulPr @y =1}, (IV.8)
Q pn(x) ‘ | }

1
Proposition 2. The sequence {(Aﬁ) " } is bounded.
Proof. Since

1

1
2 1 n(x) . l,p,,(x) / pn<x) — }
¢, <inf / Vu|Pr* sy e w, , u dx=1¢,
{ Qpn(x)| | 0 Qpn(x)| |

1
it follows from (25) that { (c2)" } is bounded.

Next, note that we have

/|un|p"(x)dx2/ Pn. |un|pn(x)dx:p;/ w9
Q Q pn(x) o Pl

and thus, taking (IV.7) into account, we obtain

1 1
0=t < (0 ) ( [ 17ax)
Pn Q

a + i
< (1> ( Pn |Vunpn(x)dx) =
Pn Q pn(x)

1 1
+ Vi, |Pn(x) " +\ n 1
- (p"> Nl 1) = <p”> (c2)"
Pn e pal) Pn
for all n € N. Since (IV.3) implies the existence of a pos-

itive constant C > 0 such that the Harnack type inequality
py <Cp,, V¥V neNholds (see (22) for details), we have

1
+\ n
Limy e (”’1) =1
Pn

1
From the fact that the sequence { (c2)" } is bounded it now

IN

S

1
follows that { (A2)" } is also bounded, which concludes our

proof.

Theorem 1.

Let {p,} be a sequence of variable exponents satisfying
(IV.2)-(IV.4) and, for n € N, let A2 and u, € W'7()(Q)
be the be the second eigenvalue and the positive second
eigenfunction corresponding to the Neumann problem (IV.6).

Then there exists A € R and u., € C(Q)\ {0} such that, after
eventually extracting a subsequence, we have

1
(AD)" — A (IV.9)
and
Uy — Ueo uniformly in Q, (IV.10)

as n — oo, where u.. is a nontrivial viscosity solution of the
problem
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Min{ —Acotteo — | Viteo |10 Vit | (€, Viteo)
[Vitoo|? — Aot} =0 in Q
%L;’:O on JdQ.

aV.11)

Remark 2. At points where the gradient is vanishing, the
PDE in (IV.11) is interpreted by assuming that the value of
v [v]?In|v| at v = 0 is zero.

Proof. Fix m € N and choose € > 0 such that € < g~. We

have % > g~ —€>0andn > m for all n € N sufficiently
large. In view of Holder’s inequality,

mpn (x) % n—m
[ dxs( i |un|Pn<x>dx) (I’

m

(/ | P dx) (1Q+1))
Uy n(x)
= (p’j/g | pn|1(7X)

= (p)" (12l +1).

dx> “(ol+1)

m

Since lim,—(p,f)n = 1, we obtain that
[l 5 ar <2094 +1)

for n € N sufficiently large. Using similar arguments we
obtain, by Proposition 2, that there exists a constant C =
C(m) > 0 such that

vl "5 av < ([ vt dx) (o))"

< (A" (p)7 (@] +1) < C(m)

for all n € N sufficiently large. Combining these inequal-
ities, and taking into account the fact that n € N was chosen

sufficiently large so that m”"( ) > Pr > g~ —¢in Q, we de-

duce that the embedding (Q) c whmla =8)(Q), and
so the sequence {u,} is bounded in W' ~&)(Q). If we
now choose m € N sufficiently large such that m(qg~ — &) >
N, it follows that the embedding of W4 ~)(Q) into C(Q)
is compact. Taking into account the reflexivity of the space
wlma =€)(Q), it follows that there exists a subsequence
(not relabelled) of {u,} and a function u., € C(Q) such that
Uy — U weakly in W4 ~€)(Q) and u,, — U uniformly
in Q.

Next, we prove that u. is non-trivial. To this aim, re-
call that the second eigenfunctions satisfy the constraint

Ja = an

dx =1, which gives

1
(ftwlax)” = it

If n € N is such that ||u,|| < 1, then ||u,l||£,”(') < Jug |2

Q. and note that if [|u, || > 1 we have [Ju, |2 < [Jun |2
Q. Thus,

S

(IV.12)

[l < [ e < (62 max {12 125
Q Q

Using (IV.12), we obtain

1 1
— +
max {2 2} > ()"

Letting n — o in the last inequality implies that
L Jjuall€} > 1, which shows that . 0 in ©.

In view of what we just shown, and taking again into ac-
count Proposition IV, we may extract a subsequence (not re-
labelled) such that (IV.9) and (IV.10) hold. The rest of the
proof is devoted to showing that u.. is a viscosity solution of
Iv.ai).

Let xg € Q, and ¢ € C?(Q) be such that ue(x0) = ¢ (xo)
and u. — ¢ has a minimum at xg. The uniform convergence
of u, to u. implies that there exists a sequence {x,} C Q
such that x, — xo, u,(x,) = ¢(x,), and u, — ¢ has a mini-
mum at x,. Since for n € N sufficiently large Proposition 1
implies that u, is a continuous viscosity solution of (IV.6)
with A, () = A2, we have

max{||uoo||

IV (x )ip" )2 (A (xn) +1n [V (x0) | (VP (%n), VO (x2)))
— (n(tn) = 2) [V () [P0 4 Acap ()
> Al () [P0 2 (x,).

(IV.13)

We will need to study two cases. First, if ue(x9) > 0, we
have

A1 () [P0 200 (1) = A2t () 70021, () > 0,

and thus, by (IV.13), we deduce that |V¢(x,)| > 0 for
n € N sufficiently large Dividing both sides of (IV.13) by
(Pn(n) = 2)|V9 (x)[P202) =4, we find
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—[V (n) > (A@ (xn) +1n [V (x0) (VP (x0), VO (1))

Pn(xXn) =2
ol s [ ot )\"ﬂn ANRIED
A= ")Z< IV (x,)| ' ()= pn(xn) =2

Passing to the limit (supremum) as n — oo and taking into
account (IV.3) leads to

—Axf(x0) — [VO( XO)|21H|V¢ x0)|< x0), Vo xo))
1\1/n Pn (xn)—%
> limsup,_se (An) 19 Gt o 1 .
|V¢(xn 7 Xn) =y pn
(IV 14)
In particular, we have
—8e9(x0) — [V (x0)[* 10 [V (x0) |
(E(x0), Vo (x0)) > 0. (IV.15)
We claim that the following inequality holds.
[V (x0)|900) — Au| 9 (x0)[70) > 0. (IV.16)

Indeed, otherwise |V (xg)[700) < A|¢(x0)|9%0), and taking
into account that
(IV.4) and (IV.9) imply

2\1/n ”7" Xn) %
i <<An> 9 (x 23| )
eV () )

_ Au[(x0) |40
EZO

we deduce that there exists € > 0 such that

(A1 ()|
[V ()| )=

IV.17)

on(y 2
n n

n

>14¢

for all n € N sufficiently large. Hence,
2

. (A2)'/7]¢ (x,) |’ﬂ17 " o)
1
Hip(( Vot E ) pala)—2) %

o (4e)" [ Plxa) )
ng;lo n Pn(xn)—2 -

n

which is a contradiction with (IV,14). Thus, (IV.16) holds,
as claimed. Using (IV.15) and (IV.16) we deduce that in the
case where u..(x9) > 0, we have

min{—A..¢ (x0) — V¢ (x0)[*1n [V (x0))|
(& (x0), VO (x0)), |V (x0)[130) —

—Aw|d(x0)|70)} > 0.(418)  (IV.18)

If uw(x0) = ¢(x0) = 0, we either have V@ (xp) # 0 (in
which case we can use very similar arguments to conclude
that (IV.15) and (IV.16) hold), or else V¢ (xo) = 0. For the lat-
ter, taking into account that A (x9) = 0 and Remark 2, we
arrive at (IV.15) again. On the other hand, (IV.16) is clearly
also true. We conclude that (IV.18) holds.

Finally, let xyp € dQ, and assume that u., — ¢ has a mini-
mum at a point xp € dQ and ue(x9) = ¢ (xp). Since u, con-
verges to u., uniformly, we deduce that there exists x, € Q
such that x,, — xo and u, — ¢ has a minimum point at Xx,.
Since u, is viscosity supersolution of (III.1) we obtain, in
view of Remark 1 that g—ﬁ(x,,) > 0, and hence

Hence, if xg € dQ, we have

[V (x0) 211V (x0) (& (x0), V9 (x0)),

[V (x0)|750) — Ace] § (x0) 7103, g:};(m)} > 0.

max{min{—Aw.(xp) —

Overall, we have shown that u. is a viscosity supersolution
of (IV.11). The proof of the fact that u. is also a viscosity
subsolution follows analogously. Therefore, u.. is a viscosity
solution of (IV.11), which concludes the proof.
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