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Abstract—
dimensional algebras over the field of rational numbers is presented.
The provided in this paper method can be successfully used to clas-
sify two-dimensional algebras over the quotient field of any factorial

A full classification,up to isomorphism, of two-

ring as well.
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I INTRODUCTION

The classification of mathematical structures, up to the
corresponding isomorphisms, is considered as one of the im-
portant problems. In this paper we consider classification, up
to isomorphism, of two-dimensional algebras over the field
of rational numbers. Our approach to this problem is a coor-
dinate (basis, structure constants) based approach. One ad-
vantage of this approach is that when a full classification is
obtained then many problems related to these algebras can
be handled quite easily. In two-dimensional case a complete
classification, by basis free approach, is stated in [1] over
any basic field. So far its application to solve many prob-
lems related to two-dimensional algebras is not known and
probably one should not expect big help from that basis free
approach. In opposite a coordinate based complete classi-
fication of two-dimensional algebras over any field, where
any second and third order polynomials has root, and over
the field of real numbers is given in [2]. In [3-7] one can
find their applications to different problems related to such
algebras. Another coordinate based approach to this prob-
lem and its applications one can find in [8]. It should be
noted that classification of all n-dimensional algebras over a
field, usually assumed algebraically closed, is obtained only
in n = 2 case. In n > 2 case there are many investigations on
classification of special, usually polynomial-identity, classes

of algebras.

To get our main result we follow the same approach used
in [2] but whenever in process of proof we run into a sec-
ond or third order polynomial which has no rational root we
manage to find a way out.

II THE MAIN PART

Further we need the following result which is given in [9]
in a slightly different form. Let n be a natural number, G be a
group, IF be any field, 7 : G — GL(n,F) be a homomorphism
of groups and M C F” be a t-invariant subset, that is 7(g)u €
M whenever u € M and g € G. We write u ~C vif 7(g)u=v
for some g € G.

Lemma. If there exist m € N, a map P : M — GL(m,[F)
and a homomorphism v : G' — GL(n,F) such that

v (P(t(g)u)) = 7' (P(u))t(g"") whenever ue M, g€ G
and v,w € M are any two elements then v~ w if and only if
7 (PW))v =7 (P(w))w and 7' (P(w)"'P(v)) € 1(G),

where G' stands for the subgroup of GL(m,F) generated by
{P(u) :ueM}.

Let A be any 2 dimensional algebra over Q with multi-
plication - given by a bilinear map (u,v) — u-v whenever
wveEA Ife=(e! ,ez) is a basis for A as a vector space over
Q then one can represent this bilinear map by a matrix

am (B e A
AT Al A3 AY,

) € Mar(2 x 4;Q)

such that
u-v=eA(u®v)
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for any u = eu,v = ev, where u = (u;,uz), and v = (v,v7)
are column coordinate vectors of u and v, respectively, (¢ ®
v) = (u1vi,u1va, uavy,upvy), €' - el = Aijel +A2j62 when-
ever i, j = 1,2. So the algebra A is presented by the matrix
A € Mat(2 x 4;Q), called the matrix of structure constants
(MSC) of A with respect to the basis e.

If ¢’ = (¢'',¢?) is also a basis for A, g € G = GL(2,Q),
dg=candu-v=¢B(/ ®V), whereu =¢€'u',v= ¢V, then

u-v=eA(u®v) =B ®V)=eg 'B(g2g)(u®v)

asfarasu=eu=¢euw =eg ', v=ev=2¢V =eg V.

Therefore the equality

B=gA(g )™
is valid, where for g~! = S Y one has
& om
;g 21711 21711 nt
—1\®2 _ -1 1 _ 162 G1M2 2 MmNz
(67) =5 ®s €& &om &m mm
& &om &Lm n3

Definition. Two-dimensional algebras A, B, given by their
matrices of structural constants A, B, are said to be isomor-
phic if B = gA(g~")*? holds true for some g € GL(2,Q).

Note that the following identities

Tri(gA(g ")) =Tri(A)g™", Tra(gA(g™")*?) =Tr2(A)g ™
(1)
hold true whenever A € Mat(2 x 4,Q), g € GL(2,Q), where

Tr (A) - (A%,l +A%,1>A%,2 +A%,2)7

Try(A) = (A} +A7 5,4} +A3,) are row vectors.
To prove our main result we divide Mat(2 x 4,Q) into the
following five disjoint subsets:

1. All A for which the system {Tr|(A),Try(A)} is linear
independent.

2. All A for which the system {Tr (A),Tr2(A)} is linear
dependent and Tri(A),Trp(A) are nonzero vectors.

3. All A for which Tr| (A) is nonzero vector and
Try(A) = (0,0).

4. All A for which Tr(A) = (0,0) and Tr,(A) is nonzero
vector.

5. All A for whichTr|(A) = Tr(A) = (0,0).

Due to equalities (1) it is clear that algebras with MSC
from these different classes can not be isomorphic. We deal
with each of these subsets separately. Further, for the sim-
plicity, we use the notation

o O3 04 )
)

o
AZ(E B B B

where variables o, 0, 03, 04, B1, B2, B3, B4 stand for any el-
ements of Q. We use the same variables for the entries of
MSC to avoid too many variables. Here is the main result
Theorem. Any non-trivial 2-dimensional algebra over the
field of rational numbers Q is isomorphic to only one of the
following listed, by their matrices of structure constants, al-

gebras:
) , where
a O 0 p

Az(C)Z(ﬁl B 1-a 0>,where

c=(ay,p,B1,B) € Q*, By >0, p € Z-without prime square
divisor(square-free integer),

on+1
—oq+1

(0]

Ai(€) = < gll —0

Cc= (a17a27a47ﬁ1) € Q47

Oy

As(c) = < [(3)1 [312 i _01 >7Wh€rec—(ﬁ17ﬁ2) €Q?,

A4(c):< “ é’z 1_0al 8>,wherec:(ah/32)e@2,

A5(c)< i 2a10_1 l—Oal 8 >,whereca1 €Q,
Ag(c) = ( g: 1—0051 _(()11 g ), where

c=(ay,p,B1) € Q3 B >0, p € Z-without prime square di-
visor,

Amo=<§ éé_ﬂ)ﬁ(m%>éé j),
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3t - 1)(ﬁ1t2+[31t+ 1) has no ra-
7é acQand ﬁl( )= (B3 +6B112+3By1+B1 —2)?

(Bit?+Bi1+1)3 ’
(233 5)-(

0 0 0 1

p 0 0 0 )’
where 0 < p € Z,0 < p € Z are not divisible by cube of any
prime number, pp = ¢ for some q € Z.

where polynomial (Bit —

tional root,

000 1
p 0 0 0

o1 1 O
Au(P)—(p 0 0 _1),wherep—00rp6Z\{O}

-without prime square divisor,

A13<1 0

Proof. The first subset case. In this case let P(A) stand

or+pBs o+pa > with rows

for the nonsingular matrix
& ( ar+B o+

Tri(A) = (ou + B3, 00+ Pa), Tra(A) = (a1 + P2, a3 + Pa).

Due to (1) we have the identity
P(gA(g ")) =P(A)g .

Therefore according to Lemma two-dimensional algebras A,
B, given by their matrices of structure constants A, B € M,
are isomorphic if and only if the equality

P(B)B(P(B)"' @ P(B)™') = P(A)A(P(A) ' @ P(A)™")

holds true, where
M={AeMat(2x4,Q):det(P(A)) #£0.}
It is easy to see that in this case

P(P(A)A(P(A) D) =h
-the second order identity matrix. Therefore, using obvi-
ous re-notations, one can list the following non-isomorphic
"canonical" representatives of algebras from the first subset,
given by their MSCs as follows:

> , where

(09]
Ai(c) =
o= (
c=(ou,00,04,B1) € Q.

The second and third subset cases. In these cases one
can make Trj(A)g = (1,0) and therefore Try(A)g = (1,0)
for some A € Q. It implies that one can consider

“ToPA)”

op+1
—oq+1

(05}
_a]

0y

Tri(A) = (o + 3,00+ Pa) = (1,0) and

Tra(A) = (o1 + B2, 05+ Ba) = (1,0).
Here A = 0 case covers the third subset case. So let us con-
sider
A— (04} (07) (0%) Oy
B A 1oy —op )’

with respect to g € GL(2,Q) of the form

gl:(éz 7?2)’

as far as (1,0)g~' = (1,0) if and only if g~' is of
the above form. In this case for the entries of A’ =

a o o\ e
Bl A—a 1-a -—o =gA(g™ )%, asfaras 4
is same for the A and A, one has

of = o +208 + aués,

0‘5 = (@ + o4&2)M2,
064 - O‘4Tl27

Bi+(1+A—301)E 302 — 0‘452
ﬁl n

Now we have to consider a few cases.

Case 1: Let ay = % # 0, where n,m € Z, be in lowest
terms. One can represent “' in the following unique form
m __ mp\2 . . e
% = p(5)7, where p is a nonzero integer not divisible by
square of any prime number. Therefore by taking 1, = £ 2L
and appropriate & one can make o = 0, ) = p to come to

a 0 0 P

mj
the “canonical” MSCs as follows
(04] 0 0
Ar(e)= ~
2(¢) ( Bi B 1-ou O ) ( B B 1-o

where ¢ = (o, p, B1, B2) € Q*, p € Z- without prime square
divisor.

Case 2: a4 = 0.

Subcase 2 - a): ap # 0. If o # 0 then one can make o =
0, =1, B =mpi — %ﬂal to get the following set
of canonical matrices of structural constants

A3(c)—<[§)1 [;Z | _01>,wherec—(ﬁ1,[32)€(@2.

Subcase 2 - b): ap = 0. If oy =0 then o] =, &) =0,

o =0, B = [314—(1-*-171L 31)é

Subsubcase: 2 - b) - 1: 1—|—l 300 #0.If 1+ 4 —30y #
0, thatis A — o # 20y — 1, one can make { = 0 to get

a; 0 0 0
0 Bz 1—-0q O

with B, # 2a; — 1.

Ay(e) = (
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Subsubcase: 2-b)-2: 1+A —-30; =0.If 1 +A — 30 =
0 and f; # 0 one can make f3{ = 1 to get

(a0 0 0
AS(C)_(1 211 1—0y 0

If B,

),WhereC—(Xl Q.

=0 one has A — a; = 2a; — 1 and therefore

Al — o 0 0 0
o 0 20¢—1 1—0o; O
which is A4(C) with ﬁz =20 — 1.

The fourth subset case. By the similar justification as in
the second and the third subsets case it is enough to consider

A— (04] (0%} (0%) (071
A\ B -y o o

where one has
) = o + 2008 + asE2,
o = (az+ &),
o = oun;3,
ﬁ/ Bit+&— 306152 3opE} —06452

Therefore we get the canomcal MSC:s as follows
(04] 0 0 P N
A ( ) < ﬁl -0y —oq O o

(041 0 0 p
—ﬁl l—-aq —o; O ’
where ¢ = (o4, p, B1) € Q3, p € Z- without prime square di-

visor (it is A;(c), where the 2"¢ and 3" columns are inter-
changed and a; + 3, = 0)

0O 1 1 o0
A7(c)< Bl 1 0 —I ),Wherecﬁle(@,
= 0, where the 2" and 3" columns are

(it is Az(c) with B,
interchanged),

<Oc1 0 0 O

ABO={ 0 1o —a 0

),Wherec:al €Q,

(it is A4(c), where the 2"¢ and 3’¢ columns are interchanged
and o) + 3, = 0) or

1
0 0 O
Ag=1{ 3
MO R
(it is As(c), where the 2"¢ and 3’¢ columns are interchanged

and 30 — 1 =0).
The fifth subset case. In this case

a o o o e 1 & m
A= dif =
( B —a - - ) mars < & m

)andg_l_(élz 7;)2 )’

) et

A=&m—&mn and
/! !/ !/

A= ( gi R ) — gA(g™")® then

of = % (=Bim&E+ oumél +2aim & & +20mE1 &+
oomé&s + oumés,

o= _Tl (ﬁlmzfl —2a1mM& — N3 — ounié—
200MME — un3éa,

o = % (Bimi —3eunin: —3cmni —oun3),

Bi =1 (Bi&} —300808 —3m&18] — aul3).

Let us consider the case when none of the polynomials
ﬁl —3oyt — 30621‘2 — 06413, [311‘3 — 3(X1l2 —3apt — oy has a ra-
tional root, which, in particular, implies that oy 8; # 0. It is
easy to see that if §; =0 and 1, = —g—in] then of = 0. So it
is enough to consider only ¢ = 0 case.

Assume that oy = 0, o # 0 and consider & = 13
this case due to
o] =0, o =n, 064—0645 , Bl =
o =1, ay = 1. Therefore without lost of generahty one can
assume that a =0, =1, ag=1and

o) = ( ﬁmléjl +2772<§152+771<§2 +Mm&}),

o = £ & (Bini& —m3é —2mmb - n3&),

oy = (Bimi - 37717722—713)7

b= L —368-8).

In &n; = 0 case making o] = O results in g = 5. In
&M # 0 case af = 0 if and only if "2 (2‘5‘ +1)- B (‘5‘ )2+

=0.In

[31 '5' one can make

. Br(h)2-1 _

1:0that1s%: 2§i+1 :ﬁégﬂ,where’g’:%. Note
2
that in 2% + 1 =0 case for that one should have —f3; (5—1)2 +
1 = 0 which means that 1 is root to B; — 3t> — > = 0- a con-
tradiction. In this case
2
771§2< &1 51 )
o = —= —+2 + =
(=2 (p 1+
77152 Bi&*— Bi&*—1.,\
(-me2Bi S v ) -
77152ﬁl554'13154—2ﬁ153—4ﬁ1§2—(3+[51)§— _
A (2&+1)?
ni& (Bi& 36 —D(BE+BE+1)
A (28 +1)?
Bi- (e -3c-1)
’;
ni My (M2y3
o = —2L (B —3(E)2 (53 =
(== B3R - ()

(BIEC+6BLE” —20B1E° —15B1E2+6(1—B1)E+2—P1)
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(in particular, this expression does not vanish),

Bi&*—1
261 U

Bi&?
28 +1

31

A=8Emi(E &m

If B1> + Bit + 1 # 0 has no rational root then

, Ni& (P& =38 —1)(BiE*+BiE+1)
%="A 2E+1)? =

andifn =

2
m Bi& 225115“

m then OCZ =1.
To have

) ni
N CTERO
3O+ 6BH —20B12 —15B112 +6(1—B1)t+2—B1 =

(B2 =3t — 1) (B3 + 6B11> + 3Bt + 1 — 2),

P(G) =

1, where

P(t)=

2 3
one should have %Q(é) = (ZEZWP@)’ where
0(8) = (BE =35 = 1(BE + HE+1). that is & =
_ BrE+6piE2 31 +B :
Mg g = (B1512+I31641r1) - Inthis case
2
1

2£3 2 2
(Pié Yglﬁéf +;|3§'+§S3ﬁ] ) and one comes to MSC

0o 1 1 1 0 1 1 1
A“)(c):(/sl 0 0 —1):(;3{(@) 0 0 —1)’
3t — l)(B1t2+ﬁ1t+ 1) has no ra-

2
tional root, _71 #acFandB(r) = Liia _:%?;;+_;31?j-t$ﬁl >

where polynomial (B¢ —

If ) = ap =0then of = § (—fim&l + aumé3),
= _Tl (Biniéi — 05477252)

o= (Bimi—oum3),  Bi=5 (B —auds).
In this case af = o) = 0 if and only if & = 772 =0or
& =i = 0 and one can make & = 1, B = £ B;*" to have

A (000 T1TY) (0001
where p,p € Z are cube free and pp = ¢° for some ¢ € Z.
If polynomial ﬁl — 30yt — 3062t2 — 0641‘3 (1311‘3 — 3061[2 —
3ot — o) has a rational root then by making % (respec-
tively, T’—;) equal to this root one can make oy = 0. Therefore,
further 1t is assumed that oy = 0.

Let us consider g with 71 = 0 to have o = 0. In this case
A= 51772 and

=& (061 +20 52) ;

0 = 0‘2772,

Bi = (ﬁl 3o & 30!2(%)2) -

Case a: op # 0. One can consider % = i" to get o) =
0,05 =1and ] = Zw Therefore one can make f3

equal to O or p, depending on 3061 + 40, to have

01 1 O
AlZ(p)(p 0 0 _1>5

where p = 0 or p € Z-square free.

Case b: ap =0. Then o} = oy =0 and o] = &1y, B =

2
1% (ﬁl 304 é) . Therefore if o # 0 one can make o =

1 0 0 O
!/

LA 0 -1 -1 0
phic to A12(0), if oy =0 then af = 0 and one can make
B{ =1to come to

0 0 0O
A3 = ( 1000 ) '
Remark. The main result of this paper was announced in

[10]. After that some defects were found in A1g and A1y cases
which are corrected in this paper.

=0togetA = ) , which isomor-

IIT CONCLUSION

The method used before to classify two dimensional alge-
bras over fields, where every second and third order polyno-
mial has a root, can be successfully adapted to classify such
algebras over the field of rational numbers.
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